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Spatial Finite Non-Gaussian Mixtures for Color Image Segmentation
Ali Seﬁdpour
Finite mixture models are one of the most widely and commonly used probabilistic techniques
for image segmentation. Although the most well known and commonly used distribution when
considering mixture models is the Gaussian, it is certainly not the best approximation for image
segmentation and other related image processing problems. It is well known, for instance, that
the statistics of natural images are not Gaussian at all. In this thesis, we propose to use ﬁnite
Dirichlet mixture model (DMM), ﬁnite generalized Dirichlet mixture model (GDMM) and ﬁnite
Beta-Liouville mixture model (BLMM), which offer more ﬂexibility in data modeling, for image
segmentation. A maximum likelihood (ML) based algorithm is applied for estimating the resulted
segmentation model’s parameters. Spatial information is also employed for ﬁguring out the number
of regions in an image and two color spaces are investigated and compared. The experimental
results show that the proposed segmentation framework yields good overall performance that is
better than a comparable technique based on Gaussian mixture model.
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1.1 Introduction and Related Works
Image segmentation is one of the essential image processing techniques receiving considerable
attention in various applications. The importance of segmentation is obvious by the central role
it plays in a number of applications that involve image and video processing, like content based
image retrieval [1, 2], remote sensing [3], medical analysis [4, 5], intelligent vehicles [6], image
compression [5], and so on. The success or failure of any of these applications is considerably
dependent on the segmentation algorithm used before.
Although various approaches have been proposed and adopted in the past for image segmentation,
the problem is still, however, challenging and open [7–9]. Finding the number of regions auto-
matically, deﬁning the smooth and meaningful regions for a given application and handling the
direct effect of color space choice are some of the problems in image segmentation. Among the
different image segmentation methods which have been employed as a solution for the mentioned
problems, statistical models [10–13] have been widely used in the past. This can be justiﬁed by
the simplicity of deﬁning and describing image features by statistical models (mixture models and
hidden markov models, for instance) and the great ability of these models for data classiﬁcation.
In this thesis we focus on the adoption of a particular statistical modeling approach for image
segmentation namely ﬁnite mixtures. The four main problems in this speciﬁc case are: (1) the
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automatic determination of the number of clusters (i.e. number of regions in a given image), (2)
the integration of the spatial information to achieve smooth segmentation results, (3) the accurate
choice of the probability density functions that shall describe the image regions, and (4) the esti-
mation of the resulted segmentation mixture model’s parameters. In the majority of the works that
have dealt with image segmentation, the often-cited difﬁculty is the automatic determination of the
number of regions and a lot of approaches have been proposed with relative success. For instance,
a bootstrapping approach has been applied in [13]. A variety of information criteria have been
considered to select automatically the number of regions (see, [14, 15], for instance, for detailed
discussions), also. The most successful approaches, however, have been based on the consideration
of the spatial information as an implicit prior information about the expected number of regions.
Indeed, since each region is composed by similar adjacent pixels which follow almost the same
color or pattern, using spatial information will naturally lead us to ﬁnd out smooth and accurate
segments. For instance, an adaptive clustering algorithm based on K-means and eight-neighbor
Gibbs random ﬁeld model has been proposed in [16] and applied to pictures of industrial objects,
buildings, optical characters, faces and aerial photographs. The authors in [17, 18] have used this
information to improve their segmentation results on medical images while the authors in [10, 19]
have employed spatial information for segmenting brain MR images. In another interesting pa-
per [11] a segmentation statistical model, inspired from [10], based on the integration of spatial
information and Gaussian mixtures has been developed to automatically determine the number of
regions and then generate smooth regions. The main problem with the majority of the approaches
that have tackled the combination of mixture models and spatial information is that the image re-
gions have been supposed to follow Gaussian distributions. This assumption is unfortunately very
restrictive and unrealistic in many real-world vision problems. Although the ﬁnite Gaussian mix-
ture is a popular model in image analysis, it is not necessarily the best solution as it is thoroughly
shown in several studies (see, for instance, [20–23]).
Moreover, the inﬂuence of the chosen color spaces have not been investigated within the proposed
segmentation statistical models, despite the fact that this speciﬁc choice has been shown to have a
2
noticeable effect on the ﬁnal results in several other image processing and computer vision appli-
cations [24, 25].
Hence, in this thesis we propose the integration of spatial information into ﬁnite Dirichlet mixture
model, ﬁnite generalize Dirichlet mixture model and ﬁnite Beta-Liouville mixture model for the
segmentation of color images. The choice of these mixture models is motivated by their ﬂexi-
bility (i.e. they can be symmetric or asymmetric) in modeling data [21, 23, 26]. As in [10, 11],
the spatial information is used as indirect prior knowledge, encoded via contextual constraints of
neighboring pixels, for estimating the number of clusters. Finally, two appropriate color spaces
are investigated within the proposed segmentation framework. Experiments show that incorporat-
ing the spatial information into generalized Dirichlet mixture models and Beta-Liouville mixture
models and choosing appropriate color spaces achieves accurate image segmentation results.
1.2 Contributions
The contributions of this thesis are as follows:
 Integration of spatial information into different non Gaussian ﬁnite mixture models: Our ap-
proach suggests the integration of spatial information into three different ﬁnite mixture mod-
els (Dirichlet mixture model, generalized Dirichlet mixture model and Beta-Liouville mix-
ture model) to produce smooth and more meaningful regions in color image segmentation
while offering more ﬂexibility and ease of use for data modeling in comparison to well
known and commonly used ﬁnite Gaussian mixture models.
 Automatic determination of the number of regions by using the proposed approaches: The
proposed approach also made it possible to ﬁnd the number of segmentation regions automat-
ically, this would be an extensive boost for realtime applications of color image segmentation
which needs no human interference.
3
 Revealing the effect of color space on color image segmentation: We compare the effect of
two different color spaces on the color image segmentation process and we show that differ-
ent color spaces can lead to different segmentation results.
1.3 Thesis Overview
The organization of this thesis is as follows:
 Chapter 1 introduces the challenging problems in color image segmentations, the major role
of ﬁnite mixture models in clustering the data and the beneﬁcial integration of spatial in-
formation to determine the accurate number of regions and to produce the homogeneous
regions.
 Chapter 2 presents three powerful ﬁnite mixture models (Dirichlet mixture model, generalize
Dirichlet mixture model and Beta-Liouville mixture model), gives the details of integration
of spatial information into these models and follows by estimation of the required parameters
for these models.
 Chapter 3 is devoted to the presentation of our experimental results and quantitative evalua-
tion of proposed models as compared to the Gaussian mixture model.
 Chapter 4 summarizes the various approaches and concludes the thesis while proposing the





In previous chapter we presented the challenging problems related to color image segmentation
and we also pointed out to ﬁnite mixture models as a particular statistical technique for color im-
age segmentation. We continue in this chapter by introducing ﬁnite mixture models and the way
we integrate spatial information into these models. Three ﬂexible and powerful distributions will
be employed to present our new models which will be learned using well known maximum like-
lihood estimation (MLE) within an expectation maximization (EM) optimization framework. The
whole segmentation process will be summarized at the end by presenting the steps of segmentation
algorithm.
2.2 Finite Dirichlet Mixture Model
Let X be an image represented by a set of pixels X = { X1, . . . , XN} where each pixel is denoted
by a random vector Xn = (Xn1, . . . , XnD) 1 and N is the number of pixels. Now if the random
vector X follows a Dirichlet distribution with parameters α = (α1, α2, . . . , αD+1), the joint density
1The dimensionality D will depend on the number of features used to describe a given pixel. For instance, if we
use only the color information in an RGB space, then D = 3.
5
function is given by [21]







d=1Xd < 1, | X| =
∑D
d=1Xd(0 < Xd < 1, d = 1, . . . , D), XD+1 = 1 − | X|, |α| =∑D+1
d=1 αd (0 < αd, d = 1, . . . , D+1). The mean, variance and covariance of Dirichlet distribution










Generally, an image is composed of different regions. Thus, it is appropriate to describe it by a





where Pj (0 < Pj < 1 and
M∑
j=1
Pj = 1) are the mixing proportions, p( X|θj) is the Dirichlet
distribution, θj = (α1, . . . , αD+1), and θ = (P1, . . . , PM , θ1, . . . , θM) is the set of all mixture
parameters.
2.2.1 Integration of Spatial Information into Mixture Models
In the following we adopt the segmentation approach, based on Gaussian mixture models, proposed
in [11] for the introduction of the spatial information into ﬁnite Dirichlet mixtures. This approach
can be explained as follows. For each pixel Xn ∈ X (we don’t consider the boundary pixels which
number is negligible as compared to the whole image pixels), there is an immediate neighbor
̂
Xn ∈ X which is supposed to have arisen from the same cluster of Xn, we call it the peer of Xn.
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Since it is supposed that the peers stay in the same clusters, this spatial information can be used
as indirect information for estimating the number of clusters. In this scenario, if a larger value
is assigned to M , there would be a conﬂict with the indirect information, provided by the pixels
spatial repartition, of M , which means that a true cluster is wrongly divided into two sub-clusters.
These two sub-clusters have then to be merged to form a new cluster which related parameters have
to be estimated again. In this case, one of the clusters’ mixing probabilities will drop suddenly and
approaches zero, that can be neglected easily, so the number of clusters will gradually decrease to
reach the true number of clusters (i.e. image regions).
For more clariﬁcation, let us investigate an example. Figure 2.1(a) demonstrates a sample of size
100 generated by a one-component bivariate Dirichlet mixture model with parameters E(X1) =
0.5, E(X2) = 0.25, V ar(X1) = 0.05 and V ar(X2) = 0.0375. The samples are shown by dots,
and the ellipse is used to show the related mean and standard deviations of bivariate Dirichlet
model. Then in ﬁgure 2.1(b), it is assumed that the sample dataset is wrongly partitioned into
two different clusters (one is shown by dots and other is shown by stars). The parameters of new
two component Dirichlet mixture model is estimated by well-known Expectation Maximization
method [27]. The new parameters for each component are shown by using new ellipses while
the data points belonging to each cluster are shown with different characters. Now in ﬁgure 2.1(c),
since the dataset is split wrongly, most of the data points left separated from their prospective peers,
thus the strong connection between the data points and their related peers in different clusters is
made and shown by the lines. In ﬁgure 2.1(d), the connected peers are added to the ﬁrst cluster and
made a new cluster (the connected stars are labeled as dots), this sudden decrease in the cluster size





Figure 2.1: (a) Simulated data of a bivariate Dirichlet mixture. (b) Estimated results for wrongly
supposed two clusters. (c) Strong relation between points and their prospective peers. (d) The
combination of clusters.
2.2.2 Parameter Estimation
Now that the model is ready, the related parameters estimation would be the next step. Mix-
tures models parameters estimation has been studied as an interesting topic recently and many
approaches have been developed [28]. Maximum likelihood (ML) approach is one of the most
popular estimation methods. The main idea behind ML is to ﬁnd the parameters which maximize
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the joint probability density function of the available data (or the data likelihood). This can be per-
formed through the expectation maximization (EM) algorithm [27] which is the most widely used
technique in the case of missing data. The missing data in our case is the knowledge of the pixels
classes. For convenience, we usually deal with the data log-likelihood, instead of the likelihood.
Let X and the set of peers X̂ = { ̂X1, . . . , ̂XN} be our observed data. The set of group indicators
for all pixels Z = {Z1, . . . , ZN} will form the unobserved data, where Zn = (zn,1, . . . , zn,M) de-
notes the missing group indicator and zn,j is equal to one if Xn and
̂
Xn belong to the same cluster
j, or zero, otherwise. The complete data likelihood is given by








As it is mentioned earlier for more convenience, the complete log likelihood is used as





zn,j(2 logPj + log p( Xn|θj) + log p( ̂Xn|θj)) (7)
Using the EM algorithm, the parameters which maximize the completed log likelihood function
are estimated iteratively in 2 different steps. The Expectation (E) step and Maximization (M) step.
In E-step, the conditional expectation of the complete data likelihood is calculated as





p(j| Xn, ̂Xn, α(k)j )
× (2 logPj + log p( Xn|αj) + log p( ̂Xn|αj)) (8)
where p(j| Xn, ̂Xn, αj) is the posterior probability which indicates the probability that Xn and ̂Xn
are assigned to cluster j:















p(j| Xn, ̂Xn, α(k)j ) (10)






j −H−1(α(k)j )× (
∂Q(X , X̂ , θ)
∂αj
) (11)
where H is the Hessian matrix, which can be evaluated by using the second and mixed derivatives
of Q(X , X̂ , θ). For the ﬁrst derivative with respect to αj we have





p(j| Xn, ̂Xn, αj) ∂
∂αjd








p(j| Xn, ̂Xn, αj)×
[
2(Ψ(|αj|)−Ψ(αjd)) + logXnd + log X̂nd
]
(12)
where Ψ(.) is the digamma function. The second derivative is given by





p(j| Xn, ̂Xn, αj) (13)
and the mixed derivative is





p(j| Xn, ̂Xn, αj) (14)
where in both equations Ψ′(.) is the trigamma function. Now by using the second derivatives as
the diagonal of the Hessian matrix and mixing derivatives as the other non-diagonal elements of






j| Xn, ̂Xn, αj
)⎛⎜⎜⎜⎝
Ψ′ (|αj|)−Ψ′ (αj1) · · · Ψ′ (|αj|)
... . . .
...
Ψ′ (|αj|) · · · Ψ′ (|αj|)−Ψ′ (αjD+1)
⎞⎟⎟⎟⎠ (15)
Then, the inverse of Hessian can be easily calculated using the approach proposed in [21]. By
having the inverse of Hessian matrix we can update the new values for θ by using equation 11.
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2.2.3 Initialization and Segmentation algorithm
Parameters initialization is an important issue for mixture models parameter estimation when using
the EM algorithm. Our initialization algorithm is done through well known K-means and the
method of moments (MM) algorithms. According to [21], the method of moments for Dirichlet



























Thus, the proposed segmentation algorithm can be summarized as follows:
1. Choose a large initial value for M as number of image regions (this value should be larger
than the expected number of the regions in the image).
2. Initialize the algorithm using K-means and method of moments.
3. Use the image data points and related peer points to update generalized Dirichlet mixture
parameters by alternating the following two steps:
• E-Step: Compute the posterior probabilities using equation 9.
• M-Step: Update the mixture parameters using equations 10 and 11.
4. Check the mixing parameters Pj values. If a value is close to zero its related cluster should
be removed and the number of clusters, M , should be reduced by one.
11
5. Go to 3 until convergence.
Since for each pixel (r, c) there are 4 main neighbors that are likely to be in the same region, we
can use one of them as the corresponding peer of the pixel. In our experiments, following [11] we
shall use the pixel (r + 1, c) as the corresponding peer.
2.3 Finite Generalized Dirichlet Mixture Model
Because of the known Dirichlet distribution limitations (such as its negative covariance matrix)




Γ (αd + βd)












Xd < 1 and 0 < Xd < 1 for d = 1, . . . , D where γd = βd − αd+1 − βd+1 for d =
1, . . . , D − 1 and γD = βD − 1. Note that the generalized Dirichlet distribution is reduced to a
Dirichlet distribution when βd = αd+1 + βd+1. The mean, variance and covariance of generalize









V ar(Xd) = E(Xd)
(
αd + 1








Cov(Xi, Xj) = E(Xj)
(
αi








while some other interesting properties of this distribution can be found in [30].
2.3.1 Parameter Estimation
The integration of spatial information and complete data likelihood for generalized Dirichlet model
follow the same structure as Dirichlet model, so we will start this section with parameter estimation
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by using EM algorithm. But before applying EM algorithm, we use an interesting property of
generalized Dirichlet distribution to reﬁne the estimates. If a vector Xn follows a generalized
Dirichlet distribution, then we can construct a vector Wn = (Wn1, . . . ,WnD) using the following
geometric transformation Wnd = T (Xnd)
T (Xnd) =
⎧⎨⎩ Xnd, if d = 1Xnd
1−Xn1−···−Xnd−1 , if d = 2, 3, . . . , D
(24)
In this vector Wn, each Wnd, d = 1, . . . , D, has a Beta distribution with parameters αjd and βjd,
and the parameters {αjd, βjd, d = 1, . . . , D} deﬁne the generalized Dirichlet distribution which
characterizes Xn [23]. Thus, the problem of estimating the parameters of a generalized Dirichlet
mixture can be reduced to estimation of the parameters of d Beta mixtures. Now to accomplish
this, the new form of equation (7) will be given by





zn,j(2 logPj + log pbeta( Wnd|θjd) + log pbeta(Ŵnd|θjd)) (25)
where W = (W1d, . . . ,WNd), 0 < d < D, θj = (αj1, βj1, . . . , αjD, βjD), and θ = (P1, . . . , PM ,
θ1, . . . , θM) is the set of all mixture parameters.
In E-step, the conditional expectation of the complete data likelihood is calculated as





pbeta(j| Wnd, ̂W nd, θjd) (26)
× (2 logPj + log pbeta( Wnd|θjd) + log pbeta( ̂W nd|θjd))
where pbeta(j| Wnd, ̂W nd, θjd) is the posterior probability which indicates the probability that Wnd
and ̂W nd are assigned to cluster j:















pbeta(j| Wnd, ̂W nd, θ(k)jd ) (28)







jd −H−1(θ(k)jd )× (
∂Q(W , Ŵ , θ)
∂θjd
) (29)
where H is the Hessian matrix, which can be evaluated by using the second and mixed derivatives
of Q(W , Ŵ , θ). For the ﬁrst derivative with respect to αjd and βjd we have





pbeta(j| Wnd, ̂W nd, θjd) ∂
∂αjd








pbeta(j| Wnd, ̂W nd, θjd)×
[
2(Ψ(αjd + βjd)−Ψ(αjd)) + logWnd + log Ŵnd
]
(30)





pbeta(j| Wnd, ̂W nd, θjd) ∂
∂βjd








pbeta(j| Wnd, ̂W nd, θjd)×
[
2(Ψ(αjd + βjd)−Ψ(βjd)) + log(1−Wnd) + log(1− Ŵnd)
]
(31)
where Ψ(.) is the digamma function. The second derivatives are given by
∂Q(W , Ŵ , θ)
∂2αjd
= [2(Ψ′(αjd + βjd)−Ψ′(αjd))]
N∑
n=1
pbeta(j| Wnd, ̂W nd, θjd) (32)
∂Q(W , Ŵ , θ)
∂2βjd
= [2(Ψ′(αjd + βjd)−Ψ′(βjd))]
N∑
n=1
pbeta(j| Wnd, ̂W nd, θjd) (33)
and the mixed derivative is
∂Q(W , Ŵ , θ)
∂αjd∂βjd
= 2(Ψ′(αjd + βjd))
N∑
n=1
pbeta(j| Wnd, ̂W nd, θjd) (34)
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where in both equations Ψ′(.) is the trigamma function. Then, the inverse of Hessian can be easily
calculated using the approach proposed in [21]. By having the inverse of Hessian matrix we can
update the new values for θ by using equation 29.
2.3.2 Initialization and Segmentation algorithm
Parameters initialization is an important issue for mixture models parameter estimation when us-
ing the EM algorithm. Our initialization algorithm is done through well known K-means and the
method of moments (MM) algorithms [23]. Thus, the proposed segmentation algorithm can be
summarized as follows:
1. Choose a large initial value for M as number of image regions (this value should be larger
than the expected number of the regions in the image).
2. Initialize the algorithm using the approach in [23].
3. Use the image data points and related peer points to update generalized Dirichlet mixture
parameters by alternating the following two steps:
• E-Step: Compute the posterior probabilities using equation 27.
• M-Step: Update the mixture parameters using equations 28 and 29.
4. Check the mixing parameters Pj values. If a value is close to zero its related cluster should
be removed and the number of clusters, M , should be reduced by one.
5. Go to 3 until convergence.
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2.4 Finite Beta-Liouville Mixture Model
Although generalized Dirichlet distribution can overcome the disadvantages of Dirichlet distribu-
tion (for instance, the covariance matrix is not restricted to be negative anymore) [23], it involves
a large number of parameters (It has 2D parameters in dimension D). Another good choice for
random vector Xn = (Xn1, . . . , XnD) would be Liouville distribution of second kind, which has
D + 2 parameters in dimension D.
If random vector X follows a Liouville distribution of second kind with positive parameters
α = (α1, α2, . . . , αD), with density function f(.), then [31]















Xd < 1,0 < Xd,d = 1, . . . , D. A ﬂexible univariate distribution that can be a
suitable choice as our density function is Beta distribution [26] which has positive parameters α
and β
f(u|α, β) = Γ(α + β)
Γ(α)Γ(β)
uα−1(1− u)β−1 (36)
Replacing the equation 36 into the equation 35 gives us the following:
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which has positive parameters θ = (α1, α2, . . . , αD, α, β) and is called Beta-Liouville distribution
[31]. It is noteworthy to mention that Beta-Liouville distribution of second kind can be reduced to
Dirichlet distribution with parameters α1, ..., αD+1 by choosing
∑D
d=1 αd and αD+1 as parameters
of Beta component of the distribution. The mean and variance of the Beta-Liouville distribution of








Table 2.1: Parameters and number of parameters for Multivariate Gaussian Distribution (MGD),
Dirichlet Distribution (DD), Generalized Dirichlet Distribution (GDD) and Beta-Liouville Distri-
bution (BLD).
MGD DD GDD BLD
Parameters μ1, ..., μD α1, ..., αD+1 α1, ..., αD α1, ..., αD
Σ β1, ..., βD α, β
Number of Parameters D + D(D+1)2 D + 1 2D D + 2
V ar (Xd) = E (Xd)
α + 1
α + β + 1
αd + 1∑D







Beta-Liouville distribution of second kind like generalized Dirichlet distribution is not restricted
to have negative covariance matrix [26] and has fewer parameters for estimation, than the gen-
eralized Dirichlet distribution. More details about the parameters and number of parameters of
discussed distributions in this thesis (Parameters and number of parameters for Multivariate Gaus-
sian Distribution (MGD), Dirichlet Distribution (DD), Generalized Dirichlet Distribution (GDD)
and Beta-Liouville Distribution (BLD) can be found in table 2.1.
2.4.1 Parameter Estimation
For this new model, the integration of spatial information and the log likelihood of complete data
are like the Dirichlet model, so now we start by using of EM algorithm directly on equation 7 for
our new distribution and estimate the related parameters. So in E-step we have





p(j| Xn, ̂Xn, θj)×(2 logPj+log p( Xn|θj)+log p( ̂Xn|θj))
(40)
with posterior














p(j| Xn, ̂Xn, θ(k)j ) (42)






j −H−1(θ(k)j )× (
∂Q(X , X̂ , θ)
∂θj
) (43)
For evaluating the Hessian matrix, the ﬁrst derivative with respect to αj , βj and αjd would be
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The second and mixed derivatives are given by











p(j| Xn, ̂Xn, θj) (47)
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p(j| Xn, ̂Xn, θj) (50)
∂Q(X , X̂ , θ)
∂αj∂αjd
=
∂Q(X , X̂ , θ)
∂βj∂αjd
=
∂Q(X , X̂ , θ)
∂αjd∂βj
=
∂Q(X , X̂ , θ)
∂αjd∂βj
= 0 (51)
We can show that the Hessian has a block diagonal matrix format





Ha = H (αj, βj) =






Hb = H (αj1, . . . , αjD) =
∂Q
(
X , Xˆ , θ
)
∂αjdi∂αjdk
,where i, k ∈ {1, . . . , D} (54)
Then, the inverse of H (θj) can be easily computed as







By having the inverse of Hessian, we can update the new values for θj by using equation 43
2.4.2 Initialization and Segmentation algorithm
For initialization phase, the k-means and method of moments are used again, with considering the
fact, that Beta-Liouville distribution of second kind can be reduced to Dirichlet distribution with
parameters α1, ..., αD+1 by using
∑D
d=1 αd and αD+1 as the parameters of the Beta component of
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the distribution. Thus, the same method of Dirichlet can be used for initialization of Beta-Liouville
model.
Then, the proposed segmentation algorithm can be summarized as follows:
1. Choose a large initial value for M as number of image regions (this value should be larger
than the expected number of the regions in the image).
2. Initialize the algorithm using the approach in [21].
3. Use the image data points and related peer points to update Beta-Liouville mixture parame-
ters by alternating the following two steps:
• E-Step: Compute the posterior probabilities using equation 41.
• M-Step: Update the mixture parameters using equations 42 and 43.
4. Check the mixing parameters Pj values. If a value is close to zero its related cluster should
be removed and the number of clusters, M , should be reduced by one.





In this chapter we validate our models, and we also investigate how the choice of distinctive color
spaces can make difference in color image segmentation.
3.2 Design of Experiments
The main goal of this section is to investigate the performance of the proposed approaches (Dirich-
let , generalized Dirichlet and Beta-Liouville mixtures) as compared to the one developed in [11]
which has been based on the integration of the spatial information into Gaussian mixture models.
It is noteworthy that an important problem when dealing with color images is the choice of the
color space. In the case of image segmentation, it is highly desirable that the chosen color space
be robust against varying illumination, concise, discriminatory and robust to noise. Some of such
color spaces have been analyzed, evaluated and discussed in [24]. Among these spaces, we have














and the l1l2l3 color space deﬁned by [24]
l1(R,G,B) =
(R−G)2
(R−G)2 + (R−B)2 + (G− B)2 (4)
l2(R,G,B) =
(R−B)2
(R−G)2 + (R−B)2 + (G− B)2 (5)
l3(R,G,B) =
(G− B)2
(R−G)2 + (R−B)2 + (G− B)2 (6)
which is a photometric color invariant for matte and shiny spaces [24]. The rgb and l1l2l3 have
been shown to outperform the widely used RGB space [24] and thus will be considered in our
experiments. To have a fair comparison, in all cases (i.e. Gaussian, Dirichlet, generalized Dirichlet
and Beta-Liouville mixtures), the initial values for the number of clusters M are set to 30.
3.3 Experiment 1
In addition to the famous Baboon image, which is widely used to evaluate image segmentation
algorithms, we have employed 300 images from the well-known publicly available Berkeley seg-
mentation data set [33]. This database is composed of a variety of natural color images generally
used as a reliable way to compare image segmentation algorithms. Figure 3.1 shows a comparison
between the segmentation results obtained by our approach and the technique developed in [11]
when we consider the rgb color space. Figure 3.1(a) shows the original Baboon image, while
ﬁgures 3.1(b), 3.1(c), 3.1(d) and 3.1(e) show the results obtained with the Gaussian mixture,
the Dirichlet mixture, generalized Dirichlet mixture and Beta-Liouville mixture, respectively. The
algorithm in [11] selected 12 regions for the baboon image while our proposed algorithms consid-
ered 4 regions for all Dirichlet, generalized Dirichlet and Beta-Liouville mixture models. As the
ﬁgure indicates, in addition to the less number of regions preferred by our algorithms, the regions
provided are more meaningful. In this image the nose of baboon is almost composed of two clear
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(a) (b) (c) (d) (e)
Figure 3.1: Baboon image segmentation in the rgb color space. (a) Original image, (b) Segmenta-
tion using the Gaussian mixture (M = 12), (c) Segmentation using the Dirichlet mixture (M = 4),
(d) Segmentation using the Generalized Dirichlet mixture (M = 4), (e) Segmentation using the
Beta-Liouville mixture (M = 4).
regions while the hair is divided to light and dark regions.
The images in ﬁgure 3.2 are chosen from the Berkeley database. The estimated number of regions,
in these images when considering the rgb color space, selected by all the Gaussian, the Dirichlet,
the generalized Dirichlet and the Beta-Liouville mixtures are mentioned in the related images sub-
captions. According to this ﬁgure we can see clearly that the proposed segmentation algorithms
generate both quantitatively (less and better regions) and qualitatively (more meaningful) better
results when compared to the Gaussian mixture approach.
To allow a principled comparison between image segmentation approaches and measure the differ-
ences between them, the authors in [34] have proposed the Normalized Probabilistic Rand (NPR)
index as a neutral scale for quantitative comparison between image segmentation algorithms. The
NPR index has a value up to 1 where a higher value shows better segmentation results. The calcu-
lation of the NPR index requests the availability of a hand-labeled segmentation used as a ground
truth to score the segmentation algorithm. Unfortunately there are not many databases which have
the ground truth information, but Berkeley database has provided at least 5 ground truth segmen-
tation results for all its 300 natural public images.The NPR index can be calculated as follow
NPR Index =
PR Index− Expected Index
Maximum Index− Expected Index (7)
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(a) (b) M = 6 (c) M = 3 (d) M = 3 (e) M = 3
(f) (g) M = 8 (h) M = 4 (i) M = 4 (j) M = 3
(k) (l) M = 4 (m) M = 3 (n) M = 3 (o) M = 3
(p) (q) M = 7 (r) M = 3 (s) M = 3 (t) M = 3
Figure 3.2: Examples of images segmentation results in the rgb color space. (a,f,k,p) Original
images from the Berkeley Database. (b,g,l,q) Segmentation results using the Gaussian mixture
model. (c,h,m,r) Segmentation results using the Dirichlet mixture model. (d,i,n,s) Segmentation
results using the generalized Dirichlet mixture model. (e,j,o,t) Segmentation results using the
Beta-Liouville mixture model.
where the Probabilistic Rand (PR) index is deﬁned as












which has a value between 0 and 1. In equation 8, Stest deﬁnes the segmentation which has
to be compared with the ground truth segmentations, SK is set of K hand-labeled ground truth
segmentations, N deﬁnes the number of pixels in the image, pij shows how likely the unordered
pair of pixels (i, j) are in the same segment (Based on ground truth segmentations) and cij is the
event that (i, j) pixels are in the same segment in the test image (So cij ∈ {0, 1}). In other words
equation 8 shows that the sets of all segmentations will follow a Bernoulli distribution over the
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Table 3.1: NPR index sample mean for Gaussian mixture model (GMM), Dirichlet mixture
model (DMM), generalized Dirichlet mixture model (GDMM) and Beta-Liouville mixture model
(BLMM) in rgb color space.
GMM DMM GDMM BLMM
NPR Index Sample Mean 0.2667 0.5376 0.5523 0.5595
number of pairs.
The expected value of PR index can also be computed as














where p′ij can be translated as the weight proportion of (i, j) unordered pairs for all images in the
database (More details can be found in [34]).
Because of the “expensive” calculation of NPR Index [34], we have calculated the NPR index for
a reasonable number of images. NPR sample mean of each model for rgb color space is given in
table 3.1. It is clear that all proposed algorithms improved the NPR index enormously, and also
there is a difference between the NPR index sample mean of Dirichlet model and two other gener-
alization models (generalize Dirichlet and Beta-Liouville). Figure 3.3 shows some of the original
images used to calculate the NPR index, the Gaussian mixture’s segmentation results, and our
segmentation results. It shows also ﬁve ground truth segmentations, from Berkeley database, for
each selected image. The NPR index for each algorithm is mentioned in the images sub-captions.
Figure 3.4 illustrates the effect of choosing the l1l2l3 color space on the segmentation of the Ba-
boon image. According to this image, the new color space has improved the segmentation result in
the case of the Gaussian mixture by decreasing the number of regions to 10 as compared to the 12
regions found when the rgb color space has been considered. Changing the color space has not af-
fected the numbers of regions in the case of the Dirichlet, generalized Dirichlet and Beta-Liouville
mixtures and the result is still better than the Gaussian. For the Dirichlet, generalized Dirichlet and
Beta-Liouville models the change of color space made the image smoother. Figure 3.5 displays
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NPR=0.4511 NPR=0.6722 NPR=0.6761 NPR=0.6735
NPR=0.2978 NPR=0.3213 NPR=0.4913 NPR=0.4938
NPR=0.3996 NPR=0.5712 NPR=0.5744 NPR=0.5751
NPR=0.2871 NPR=0.5411 NPR=0.5588 NPR=0.5439
Figure 3.3: Examples of images used to calculate the NPR index of each segmentation approach
in the rgb color space. First column contains the original images. Second column contains the
segmentation results using the Gaussian mixture model. Third column contains the segmentation
results using the Dirichlet mixture model. Forth column contains segmentation results using gen-
eralized Dirichlet model. Fifth column contains segmentation results using Beta-Liouville model.
Columns 6, 7, 8 and 9 contains the ground truth segmentations.
(a) (b) (c) (d)
Figure 3.4: Baboon image segmentation in the l1l2l3 color space. (a) Segmentation using the
Gaussian mixture (M = 10), (b) Segmentation using the Dirichlet mixture (M = 4), (c) Segmen-
tation using the generalized Dirichlet mixture (M = 4), (d) Segmentation using the Beta-Liouville
mixture (M = 4).
the segmentation results in the l1l2l3 color space when considering the images from the Berkeley
database for the Gaussian, the Dirichlet, the generalized Dirichlet and Beta-Liouville mixtures.
The NPR index values are mentioned in the sub-captions. As we can see from this ﬁgure, choosing
the l1l2l3 space provides generally smoother and more meaningful regions. This is actually clear
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by comparing the NPR indexes in ﬁgures 3.5 and 3.3.
NPR=0.4777 NPR=0.6783 NPR=0.6822 NPR=0.6800
NPR=0.3101 NPR=0.3556 NPR=0.5081 NPR=0.5100
NPR= 0.4015 NPR=0.5817 NPR=0.5823 NPR=0.5854
NPR= 0.3092 NPR=0.5553 NPR=0.5595 NPR=0.6573
Figure 3.5: Images segmentation in the l1l2l3 color space. First column: segmentation using
the Gaussian mixture model. Second column: segmentation using the Dirichlet mixture. Third
column: segmentation using the generalized Dirichlet mixture. Forth column: segmentation using
the Beta-Liouville mixture.
The NPR index sample mean of all models for l1l2l3 color space is shown table 3.2. Comparing
the results in table 3.1 and table 3.2 indicate a segmentation improvement where the l1l2l3 color
space is considered.
3.4 Experiment 2
In this experiment, we mainly focus on the effect of distinctive color spaces on color image seg-
mentation while we can still compare the effectiveness of the proposed approaches comparing to
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Table 3.2: NPR index sample mean for Gaussian mixture model (GMM), Dirichlet mixture
model (DMM), generalized Dirichlet mixture model (GDMM) and Beta-Liouville mixture model
(BLMM) in l1l2l3 color space.
GMM DMM GDMM BLMM
NPR Index Sample Mean 0.2755 0.5512 0.5732 0.5803
Gaussian based model subjectively. For this reason, each model is evaluated within rgb and l1l2l3
color spaces and then for each mixture model, the proper color space will be chosen by using dif-
ferent well-known metrics.
To evaluate our approaches with more and different images and not to be restricted to a speciﬁc
database, considerable number of images have been chosen from “Urban and Natural Scene Cate-
gories” of MIT Computational Visual Cognition Laboratory [35], this database has eight different
categories (for instance, forests, highways, coasts and beaches and ...) and there exists few hun-
dreds images in each category.
Authors in [36] have proposed four criteria for investigating the effectiveness of image segmenta-
tion methods (intra region uniformity, inter region disparity, simplicity in regions and simplicity in
boundaries). Note that the last criterion may not be held for segmentation of natural images. Thus,
the four best metrics (Q, VCP , Zeb and FRC) of [37] are considered to choose the appropriate color















where N is the number of segments, SI is the image number of pixels and e2j is the square color


















Table 3.3: Color space selection percentage by different metrics for Gaussian mixture model
(GMM), Dirichlet mixture model (DMM), generalized Dirichlet mixture model (GDMM) and Be-
ta-Liouville mixture model (BLMM).
GMM DMM GDMM BLMM
rgb l1l2l3 rgb l1l2l3 rgb l1l2l3 rgb l1l2l3
Q 47.0% 53.0% 27.7% 72.3% 24.9% 75.1% 26.4% 73.6%
VCP 36.8% 63.2% 23.7% 76.3% 26.1% 73.9% 23.6% 76.4%
Zeb 22.7% 77.3% 20.1% 79.9% 13.0% 87.0% 13.5% 86.5%
FRC 18.5% 81.5% 5.9% 94.1% 7.8% 92.2% 7.0% 93.0%
where in other words, the standard deviation of the Sobel coefﬁcients of region j is used here as a





max {contrast(s, t), t ∈ W (s) ∩Rj} (12)
where W (s) is the neighbor of pixel s,Rj is the j-th region and the contrast(s, t) calculate the








Table 3.3 demonstrates the selection percentage for each color space within the mixture models.
The results indicate that the choice of l1l2l3 color space will lead us to smoother and more mean-
ingful regions while the disparity between the distinct regions are reserved as well. It is interesting
to point out that the selection rate of l1l2l3 color space is higher among Dirichlet based mixture
models. As a subjective comparison, ﬁgure 3.6 shows some original images used to calculate the
selected metrics, the Gaussian results, the Dirichlet results, the generalized Dirichlet results and
Beta-Liouville results for both rgb and l1l2l3 color spaces. The advantage of l1l2l3 over rgb color
space and also the supremacy of Dirichlet based models over Gaussian based model can be settled
easily.
Since dealing with natural images is always a challenging problem for image segmentation
algorithms because of the environmental noises, we have evaluated our models with more examples
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Figure 3.6: Images segmentation in each set for rgb and l1l2l3 color spaces for all 4 mixture mod-
els. Column 1: original image. Columns 2 and 3: segmentation using the Gaussian mixture model.
Columns 4 and 5: segmentation using the Dirichlet mixture. Columns 6 and 7: segmentation us-
ing the generalized Dirichlet mixture. Columns 8 and 9: segmentation using the Beta-Liouville
mixture.
from SkyFlash [38] database. This database contains plenty of images of animals and military
equipments which which segmentation is not an easy task. Some samples form this database in
addition to the results of image segmentation for each color space within the distinct mixture model
is shown in ﬁgure 3.7.
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Figure 3.7: Images segmentation in each set for rgb and l1l2l3 color spaces for all 4 mixture mod-
els. Column 1: original image. Columns 2 and 3: segmentation using the Gaussian mixture model.
Columns 4 and 5: segmentation using the Dirichlet mixture. Columns 6 and 7: segmentation us-





In this thesis, we have presented different algorithms for color image segmentation by integrating
spatial information into ﬁnite mixture models. The selection of these mixture models is motivated
by their ﬂexibility in approximation of data points in different shapes in contrast to the well known
gaussian mixture model which always keeps the symmetric bell shape. First we chose Dirichlet
mixture model for its ﬂexibility in data modeling and its few number of parameters for estimation,
but its restrictive covariance matrix was the negative point. This disadvantage has been handled
by generalized Dirichlet mixture model in cost of an increase in the number of parameters. So
ﬁnally the motivation for choosing the Beta-Liouville mixture model was its ﬂexibility in shapes
and its few number of parameters as compared to Gaussian and Generalized Dirichlet distribu-
tions. Then the spatial information is included in this model by considering pixels neighborhoods
and by using this information as a prior knowledge in our model, we got the ability to estimate
the number of segmentation regions automatically. The resulted image segmentation statistical
model has been learned using maximum likelihood estimation within an expectation maximization
framework. Results, which have concerned the segmentation of an important number of images
from the well-known Berkeley images database, show that the proposed algorithms perform better
than an approach which has been based on ﬁnite Gaussian mixture models. The effect of distinct
color spaces on color image segmentation was also investigated by using different metrics over the
famous MIT images database. Future works can be devoted to the application of the developed
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Chapter 4. Conclusions
segmentation algorithm for object detection and recognition and also a promising extension of
this work would be on the integration of more visual features to improve further the segmentation
results. Video segmentation could be considered as another interesting application which has to
be done in an online fashion. So a potential future work could be the extension of the proposed
approach to segment frames in a real-time stream.
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